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Abstract. In this note, we prove that if g is uniformly continuous in z, uniformly 
with respect to (u>,t) and independent of y, the solution to the backward stochastic 
differential equation (BSDE) with generator g is unique. 



1 Introduction 

One dimensional BSDEs are equations of the following type defined on [0, T]: 

Vt = S+ I g(s,y s ,z s )ds- { z s dW s , 0<t<T, (l.i) 



where IF is a standard <i-dimensional Brownian motion on a probability space 
(O, T, {J- t )o<t<T, P) with (T t )o<t<T the filtration generated by W. The func- 
tion g : ft x [0,T] x M x R d -» R is called generator of JOJ. Here T is the 
terminal time, and £ is a R-valued J-r-adapted random variable; (g,T, £) are 
the parameters of (jl.l[) . The solution (?/*, Zt)te[o,T] is a P a i r of ^-adapted and 
square integrable processes. 

Nonlinear BSDEs were first introduced by Pardoux and Peng [7j, who proved 
the existence and uniqueness of a solution under suitable assumptions on g and 
£, the most standard of which are the Lipschitz continuity of g with respect to 
(y, z) and the square integrability of £. An interesting and important question is 
to find weaker conditions rather than the Lipschitz one, under which the BSDE 
(jl.ip still has a unique solution. As a matter of fact, there have been several 
works, such as Pardoux and Peng [8], Kobylanski [4| and Briand-Hu p], etc. 
In this note, we will give a new sufficient condition for the uniqueness of the 
solution to BSDEs. 

In fact, this problem came from a lecture given by Peng at a seminar of 
Shandong University on Oct. 2005. In his lecture, Peng conjectured that if g is 
Holder continuous in z and independent of y, then (jl.ip has a unique solution. 
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In this note, we will prove this conjecture under a more general condition — 
uniform continuity — instead of Holder continuity. In other words, g satisfies the 
following condition: 

(HI). g(u),t, ■) is uniformly continuous and uniformly with respect to (u),t), 
i.e., there exists a function <p from R + to itself, which is continuous, non- 
decreasing, subadditive and of linear growth, and 0(0) = such that, 

\g(u,t,zi)-g(u,t,Z2)\ < <P(\z% - z 2 \), P - a.s., Vi £ [0, T], Zl , z 2 £ R d . 

Here we denote the constant of linear growth of <f> by A, i.e., 

< <)>(x) < A(x + 1) 

for all x £ M+ (see Crandall [3 ). Moreover (g(t,0))t£[o,T] is assumed to 
be bounded. 

Remark 1.1 Clearly (HI) implies (HI'): 

(HI'). g(u>,t,-) is continuous, and of linear growth, i.e., there exists a positive 
real number B, such that 

\g(w,t,z)\ < B(\z\ + 1), P-a.s., for all (t,z) £ [0,T] x R d . 
According to the result in J2J/ ; (HI) guarantees the existence of a solution of 

This note is organized as follows. In Section 2 we formulate the problem accu- 
rately and give some preliminary results. Finally, Section 3 is devoted to the 
proof of the main theorem. 



2 Preliminaries 

Let (f2, T , P) be a probability space and W be a d-dimensional standard Brow- 
nian motion on this space. Let (J-t)t>o be the filtration generated by this 
Brownian motion: T t = o {W s , s G [0, t]} U A/", F = (^t)t>o, where Af is the set 
of all P-null subsets. 

Let T > be a fixed real number. In this note, wc always work in the 
space (ft, Tt-, P)- For a positive integer n and z £ K™, we denote by \z\ the 
Euclidean norm of z. We will denote by = Hn(0, T; E n ), the space of all F- 

progressively measurable R™-valued processes such that E \ip t \ 2 dt < oo, 

and by S 2 — S 2 (0,T;M.) the elements in Ti\ with continuous paths such that 



E 



su Pte[o,T] l^tl 2 



< oo. 



Now, let £ £ L 2 (fl, T T , P) be a terminal value, g : fl x [0, T] x R d -> R be the 
generator, such that the process g(ui, t, z) te [ ^ T ] £ Hi for any z £ R d . A solution 
of a BSDE is a pair of processes (yt, zt)te[o,T] £ 5 2 x 7i 2 d satisfying BSDE [)l.ip . 
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We now introduce a useful lemma which plays an important role in this note. 
First we dchnc 

f„( z )- M {f(u) + n\z-u\} and f n (z) = sup {f(u) - n\z - u\}, 

«eQ d ue qd 

where / satisfies (HI) and n 6 N. Also we define C = ma,x{A, B}. Then one 
has 

Lemma 2.1 Let f satisfy (HI ) and f n , f be defined as above. Then for n > C, 

i) . -C(\z\ + 1) < ljt,z) < f(t,z)~< f n (t,z) < C(\z\ + 1) P-a.s. for any 
(t,z) S [0,T] x R d ; 

ii) . f {t,z) is non- decreasing and f-(t,z) is non-increasing for any (t,z) £ 



x 



[0,21 

Hi)- \fn(t, zi) - f n (t, z 2 )\ <n \zi - z 2 \ and f_ n (t, z\) - f_ n (t, z 2 ) < n \z\ — z 2 \ 

P-a.s. for any t G [0, T], z u z 2 £ R d ; 

iv) . If z n — > z as n — > oo, then f n (t,z n ) — > f(t,z) and f n (t,z n ) — > f{t,z) 
P-a.s. as n — > oo; 

v) . < /(*, z) - IJt, z)<4> (^%) and < / n (t, z) - /(*, z)<4> (^a) 
P-a.s. for any (t, z) G [0, T] x M d . 

Proof. It is not hard to check i) — iv) (see [5])- 

We now prove v). It follows from (HI) that, for given (t, z) € [0,T] x M. d , 
one has 

f{t, u) > f(t, z) - <p(\z - u\) > f{t, z) - Ai\z - u\ + 1) > fit, z) -C(\z-u\ + 1), 

(2.1) 

for any u G M. d . Given n > C, we define 

A„ = {u e Q d : n \z - u\ > CQz -u\ + 2)} . 
Clearly, A„ is not empty and Q d = A n U A° where 

A£ = {m e Q d : n \z - u\ < CQz - u\ + 2)} 

is the complementary set of A„ (which is not empty too). For any u S A n , it 
follows from (|2.1[) that, 

/(u) + n |z - it | > fiu) + C{\z - u\ + 2) > /(z) + C. 

Then by i) of this lemma, one has for any u G A n , 

fit,u) + n\z-u\ >fit,z) + - >f(t,z) > inf {f( t ,v)+n\z-v\}. 

I ueA„UA^ 
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Therefore 



/„(*,*) 



= inf {f(t, u) + n\z — u\\ = inf {fit, u) + n\z — u\\ 

m€A„uA= «e A £ 

= inf{/(t, u) + n\z - u\ : u e Q d and n\z — u\< C(\z — u\ + 2)} 
> inf{/(i, u) : u E Q d and n \z - u\ < C(\z -u\ + 2)} 



> inf{/(i, z) - <p(\z - u\) : u e Q d and \z-u\< 



2C 

i-C 



} 



f{t,z)-<f> 



2C 



n-C, 

Analogously we can prove the second part of vi). The proof is complete. ■ 
Remark 2.2 If f satisfies (HI), then for any (t, z) e [0, T] x R d and n>C, 

2C 



0<f n (t,z)-f(t,z)<2(f> 



n-C 



P-a.s. 



(3.1) 



3 Main Theorem 

To begin with, we introduce two sequences of BSDE as follows: 

tt = ^ + f gS'tg)* 8 - [ £ dW * 
ailC ^ T T 

Vt=Z + j 3n(8,z2)d8-J z n s dW s (3.2) 

Clearly, for any given n > C, both (|3.1|) and (|3.2|) have unique adapted 
solutions, for which we denote them by (y™, 2™)te[o,T] and (y™> ^t)te[o.T] respec- 
tively. Moreover we denote the maximal solution and the minimal one of (|l.ip 
respectively by {y~t, z t )te[o,T] and (y ,z i )te[o,T], and any given solution of (fTTTj) 
by (yt, z t ) t £[o,T\- We now have the following lemma. 

Lemma 3.1 Let g satisfy (HI) and £ G L 2 (il, Tt, P) ■ Then one has, 
i). Forte [0,T] andn > C, 



v n t > y? +L >yt>y t >y> y 7 ! +i > y" P- a.s. 



Moreover, 



and 



E 



E 



Wt -yt\ 



E 



E 



z t \ 2 dt 



d,i 
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as n — ► oo; 

ii). In addition, there exists some positive constant Mq depending only on 
C , T and £, such that 



< Mn 











E 


< M E 


[ T \z?\ 2 dt 








Jo 



and 



for any n > C; 

in). For any n > C , 









2" 






E 




ft 




< M , £ 


f\z-\ 2 dt 












Jo 



< Mo 



E 



Proof. The proofs of i) and ii) can be found in [5]. We now prove iii). Here we 
always assume n > C. By (|3.ip and 



V n t-H = [ t T (9n(s,z:)-g n (s,z:))ds- j\z:-z n s )dW s , te[0,T\. (3.3) 



Note that 

g n (s, z") - gja,£) = gjs, z s ") - gj8,£) + z?) - gjs, z") 

where g" := g„(s, z") — gjs,z"). It follows from v) of Lemma |2~T1 that 

2C 



< g\ l < 20 



-C 



, P — a.s. Vt G [0, T]. 



We set fit =Ut —y™, z™ = z" — z™, and denote by z™' 1 ,^™'* the components 
of z™ and z™ respectively. Define 



z t > z t 



and 



/, n,i — 1\ /, n,2\ 

5„ (*: z t ) ~ SL & Zt ■ ) 



for 1 < z < cZ where 1 is the indicator function. The equation (|3.3[) can rewritten 
as 

# = A^C + ds [ T z s " d^ s , 

Jt Jt 

for i e [0, T] where &™ := • • • , b^ d ) (i = 1, • • • , d). 
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We now set 



Qt :=exp 



6™ dW s - - 

s 2 



ds 



Since g satisfies a Lipschitz condition, < n for any given n. Applying Ito 
formula to on [t, T] and then taking conditional expectation yields 



E 



exp 



b?dW r -- I fo™r dr)g n s ds\F t 



It follows from the property of exponential martingale that, for s > t, 



E 



exp 



«? dW r 



1 



\b?\ 2 dr 



1. 



Therefore, 



E 



E 



E 



exp 



6? dVK r 



< 20 



< 20 



jf exp Qf 6™ dW r - i jf \K\ 2 dr^j g n s ds 

J ex p(^ WdW r -~J \K\ 2 dr^j ds 



2C 

n-C 

2C 
n-C 



E 



T. 



The proof is complete. ■ 

The following result is our main theorem. 

Theorem 3.2 Let g satisfy (HI) and £ € L 2 (J7, JT T , P). Tften f/ie solution of 
il.l)) is unique. 



Proof. From Lemma f3. H -iii) . it follows that E 
t S [0,T]. Therefore 



V? ~ V? 



as n — > oo for 



E 



<E[|j/ t -#|]+E 



+ E 



0, 



as in oo for t G [0, T]. The proof is complete. 



Remark 3.3 In the case when g depends on y and is uniformly continuous 
condition in y, the uniqueness of solution does not hold in general. For example, 
let us consider the following equation: 



Vi 



j ^J\y~7\ds - J z s dW s for t e [0, 1]. 



G 



Clearly, g(y) — \f\y~\ is uniformly continuous. It is not hard to check that for 
each c € [0, 1], 



{yt,z t ) 



te[o,i] 



max(0, - 




is a solution of the above BSDE. 

Certainly, if g is Lipschitz continuous with respect to y or satisfies some 
kind of monotonic condition just like used in JSjj, the result in Theorem \3.3\ also 
holds true, this point is not difficult to be found in the proofs of Theorem \3.3\ 
and Lemma\3Ai 



Remark 3.4 It is worth noting that there is an important difference between 
the BSDE satisfying standard condition and the BSDE discussed in this note: 
although we still have the associated comparison theorem for this kind of BSDEs, 
the associated strict comparison theorem (see (ii) of Proposition 2.1]) (which 
says, if£,i > £ 2 P-a.s. and P(£i > £ 2 ) > 0, then yfr > y^ 2 where (yf\ 4*)te[0,T] 
denotes the solution of (g,T,^i),i = 1,2) does not hold in general. 
For example, let us consider a BSDE as follows: 

y?=X + £\\ z ?\ 2, *-j\x d W s , 

where W is a one- dimensional Brownian motion, g = | |z| 2 ^ 3 . It is not hard to 
check that for each constant c € R, 



(yt,zt)te[o,T] = (c-\w?,-W^j 



te[o,T] 



is the solution of [g, T,c — jWy), hence y$ iWt = y$ = c. But c > c — jWy 
P-a.s. and P{c > c — \Wf,) > 0. Economically, this means that there exist 
infinitely many opportunities of arbitrage. 

More detailed discussions about this phenomenon and the corresponding PDE 
problem will appear in another paper. 
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